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Abstract
This paper presents a physics-based approach to
surface reconstruction using an elastically deformable
“sheet” model. The model is based on a thin-plate under tension spline which deforms to fit visual data according to internal forces stemming from the elastic
properties of the surface and external forces which are
produced from the data. We employ the finite element
method to represent the model as a continuous surface. We implement two versions of the sheet using
two different finite elements. The first is a triangular,
quintic finite element whose nodal variables comprise
the position of the surface plus its first and second
partial derivatives. This element is “natural” in the
sense that the nodal variables reflect each of the partial derivatives that occur in the spline’s strain energy
functional. The partial derivatives are useful in measuring the differential geometric properties of the fitted
surface. The second element is a rectangular, bicubic
finite element whose nodal variables also include some
of the partial derivatives of the surface. We apply the
sheet model to the reconstruction of various 3D data
sets generated by several different sensing technologies
related to CAGD and terrain mapping.
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Introduction

General purpose shape reconstruction in low-level
visual processing requires models with the ability to assume a wide range of shapes. The models must extract
meaningful information from noisy sensor data while
making the weakest possible assumptions about observed shapes. Deformable models can stretch, bend,
and twist to assume complex freeform shapes; hence,
they seem ideally suited to this task. These models integrate, regularize, and approximate the data to produce a globally consistent interpretation.
Surface reconstruction techniques based on splines
have attracted significant interest for many years because of their versatility. However, the dynamic form
of this type of surface reconstruction was introduced
fairly recently by Terzopoulos et al. [13]. They
proposed a dynamic deformable cylinder model constructed from generalized splines and developed force
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field techniques to fit the model to image data. The
dynamic model fitting approach is being pursued by
several researchers [6, 9, 2, 3, 14, 5, 15], as it is in this
paper.
This paper presents a physics-based approach to
surface reconstruction using an elastically deformable
“sheet” model. The model is based on physically motivated multi-dimensional generalizations of classical
splines. The model is dynamic, and its deformation is
governed by the laws of nonrigid motion. The formulation of the motion equations includes strain energies,
simulated forces, and other physical quantities. The
strain energy stems from a thin-plate under tension
spline, and deformation results from the action of internal forces which describe continuity constraints and
external forces which describe data compatibility constraints.
We employ the finite element method to discretize
our deformable sheet into a set of connected element
domains. The finite element method provides an analytic surface representation and it generally requires
fewer discretization points than finite difference techniques for the same degree of accuracy. We implement
two versions of the sheet model using two different finite elements. The first is a triangular, quintic finite
element whose nodal variables reflect the derivative
terms found in the thin-plate under tension energy expression. That is, the nodal degrees of freedom include
not only the nodal positions, but all of the first and
second order partial derivatives of the surface as well.
These quantities are useful in the analysis of the fitted
model surface. The second element is a rectangular,
bicubic finite element whose nodal variables also include some of the partial derivatives of the surface.
Finite element representations for variational problems in vision were first explored in [11]. Our formulation applies the finite element method to the thin-plate
under tension spline proposed in [12] in order to derive discrete nonrigid dynamics equations. Our work
is related to that of [1] who also develop a deformable
surface model which is based on the thin-plate under
tension spline.

2

Dynamic Deformable Surface Model

The deformable sheet is a rectangular open surface
represented as a single-valued scalar function z(x, y)
defined on a bounded domain in the (x, y) image
plane, where z represents the lateral displacement of
the sheet. We construct the sheet using a simulated
thin-plate material under tension. The deformation
energy of this material serves as a smoothness constraint which compels the sheet to vary smoothly almost everywhere. The data constraints apply forces
which pull the sheet laterally from its nominally planar state to the data points.
The deformation energy is given by the functional
ZZ
Ep (z) =

2

2

α10 |zx | + α01 |zy | +
2

2

2

β20 |zxx | + β11 |zxy | + β02 |zyy | dx dy,
(1)
where the x and y subscripts denote derivatives in the
x and y directions respectively. Ep is a controlledcontinuity spline defined in [12]. The nonnegative
weighting functions αij (x, y) and βij (x, y) control the
elasticity of the material. The α10 and α01 functions
control the tensions in the x and y directions, respectively. The β02 and β20 functions control the bending
rigidities in the x and y directions, respectively. The
β11 function controls the twisting rigidity. Increasing
the αij has a tendency to decrease the surface area of
the material, while increasing the βij tends to make
it more rigid. In general, the weighting function may
be used to introduce depth and orientation discontinuities in the material. In this paper, however, we do not
pursue this topic and we set the functions to constant
values αij (x, y) = αij and βij (x, y) = βij .
The expression for the total energy of the deformable sheet is
Esheet (z) = Ep (z) + Eext (z),
where

(2)

ZZ
Eext = −

zf (x, y) dx dy

(3)

is a data energy derived from the data forces f (x, y).
We fit the model to the data by minimizing this energy.
Figure 1 illustrates the surface reconstruction problem using the sheet model. The figure shows the sheet
fitted to several data points using different values for
αij (x, y) and βij (x, y).
In keeping with the physical nature of our reconstruction technique, we fit the deformable sheet model
to data by making it dynamic. A dynamic formulation naturally supports model visualization during the
data fitting process, and, if needed, allows a user to
introduce constraint forces to pull the model out of
local minima towards a good solution.
In a dynamic formulation, the positions of material
points becomes a time-dependent function z(x, y, t)

(a)

(b)

(c)

Figure 1: Sheet fitted to nine data points.
(a) Sheet with αij = 0.8, βij = 0.0. (b) αij = βij =
0.4. (c) αij = 0.0, βij = 0.8.
and the simulated material is imbued with mass and
damping densities. Using Lagrangian dynamics the
energies yield forces and Esheet (z) is minimized when
the forces equilibrate and the model becomes stationary ∂z/∂t = ∂ 2 z/∂t2 = 0.
The dynamic behavior of the model during the fitting process is governed by
µ

∂2z
∂z
+γ
+ δz Ep = f (x, y, t).
∂t2
∂t

(4)

where the first term represents the inertial forces due
to the mass density µ(x, y), the second term represents
the damping forces due to the damping density γ(x, y),
the third term represents the elastic force which resist
deformation, and finally f (x, y, t) represents the data
forces.

3

Finite Element Representation

To apply the finite element method, we tessellate
the continuous image domain (x, y) into a mesh of element subdomains Ej . We approximate the continuous z as a weighted sum of piecewise polynomial basis
functions Ni :
ẑ(x, y, t) =

N
X

Ni (x, y)qi (t) ≈ z(x, y, t),

(5)

i=1

where qi is a vector of nodal variables associated with
>
> >
mesh node i. We define q = [q>
1 , . . . , qi , . . . , qN ] .
Substituting (5) into (4) yields the discrete equations of motion
Mq̈ + Cq̇ + Kq = fq ,

(6)

where the mass matrix M, damping matrix C, and
stiffness matrix K are sparse, symmetric matrices and
fq are nodal data forces. These global matrices and
nodal data forces may be assembled from their associated local element matrices, Mj , Cj , Kj , and nodal
forces fqj , by expanding each element matrix appropriately into a q × q matrix and then summing. For
example:
M
X
K=
Kjq×q ,
(7)
j=1

where Kj is the element stiffness matrix associated
with element Ej , j = 1, . . . , M .
We now derive expressions for Mj , Cj , Kj , and
fqj from element kinetic and potential energy functionals. Let z j (x, y, t) be the position of material point
x, y within Ej , and let qj denote the concatenation
of nodal variables for all the nodes of Ej . Following
equation (5), we write the element trial function
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ẑ (x, y, t) = N (x, y)q (t) ≈ z (x, y, t),

(8)

j

where N are known as element shape functions. Note
that the basis functions Ni are obtained by superposing the shape functions associated with node i. The
element velocity is ∂ ẑ j /∂t = Nj q̇j , where q̇j (t) is the
rate of change of the nodal variables.
The kinetic energy associated with element Ej be
expressed as
ZZ
∂ ẑ j ∂ ẑ j
1
1
µ
dx dy = q̇j > Mj q̇j ,
(9)
2
∂t ∂t
2

Figure 2: C 1 continuous triangular element. The three
nodes are numbered.
Using (8), we can write
²j = Bj qj ,

where Bj is the element strain matrix. Inserting the
expressions for ²j and σ j into (13) yields
>

Epj (z) = qj Kj qj

Ej

where the element mass matrix is given by
ZZ
>
Mj =
µNj Nj dx dy.

(10)

where the element stiffness matrix is given by
ZZ
>
Kj =
Bj Dj Bj dx dy.

We introduce simple velocity-proportional kinetic
energy dissipation according to the dissipation functional
ZZ
1
∂ ẑ j ∂ ẑ j
1
(11)
γ
dx dy = q̇j > Cj q̇j ,
2
∂t ∂t
2
Ej

where the element damping matrix is given by
ZZ
>
j
C =
γNj Nj dx dy.

(12)

Ej

According to (1) the element deformation matrix
may be expressed as
ZZ
>
Epj (z) =
σ j ²j dx dy
(13)
Ej

where the strain vector is
¸>
· j
∂z ∂z j ∂ 2 z j ∂ 2 z j ∂ 2 z j
j
² =
,
,
,
,
∂x ∂y ∂x2 ∂x∂y ∂y 2

(14)

vector is
0
j
α01
0
0
0

0
0
j
β20
0
0

(17)

(18)

Ej

Ej

and the stress
 j
α10
 0

σj = 
 0
 0
0

(16)

0
0
0
j
β11
0

0
0
0
0
j
β02



 j
 ² = Dj ²j , (15)



Finally, according to (3), the potential energy in
element Ej due to data forces f j (x, y, t) is
ZZ
>
−
z j f j (x, y) dx dy = −qj fqj ,
(19)
Ej

where the nodal data forces are given by
ZZ
fqj =
Nj f j dx dy.

(20)

Ej

3.1

Triangular C 1 Finite Element

The first version of the sheet model uses a fifthorder triangular finite element[4]. The nodal variables
of this element are z, along with its first and second
partial derivatives evaluated at each node i. The nodal
variable vector for the sheet is therefore
£
¤>
qi (t) = zi , ( zx )i , ( zy )i , ( zxx )i , ( zxy )i , ( zyy )i .
(21)
These nodal variables reflect each of the partial derivatives that occur in the thin-plate under tension energy
(1) functional.
Figure 2 shows the C 1 continuous element defined
locally in the dimensionless oblique coordinates (ξ, η).
In this local coordinate system, the global coordinates
(x, y) can be expressed as
x = (1 − ξ − η)x3 + ξx1 + ηx2
y = (1 − ξ − η)y3 + ξy1 + ηy2

(22)

where (xi , yi ) are the global coordinates at the nodes
of the triangular element (as numbered in the figure),
and the local nodal variable vector becomes
£
¤>
qiξ (t) = zi , (zξ )i , (zη )i , (zξξ )i , (zξη )i , (zηη )i .
(23)
The transformation from global to local coordinates is

y

a
4: (-1,1)

η=1

3: (1,1)

η

ξ = −1
( x ,y )
c

1: (-1,-1)

qi = Ti qiξ

(24)

where the transformation matrix Ti is specified in [4]
(pp. 100–101).
Concatenating the qiξ at each of the three nodes
of element j, we obtain the 18-dimensional element
>
> >
nodal vector qjξ = [q>
1ξ , q2ξ , q3ξ ] . According to (8),
we can write the local trial function as ẑ j (ξ, η, t) =
Nj (ξ, η)qjξ (t). The nodal shape functions Ni (ξ, η)
which are contained in the 18 × 18 matrix Nj are specified in [4] (pp. 100–101). Note that the polynomial
basis of the element is complete up to fourth-order
terms and contains three fifth-order terms. The trial
functions are C ∞ within elements and they ensure C 1
continuity between elements. Since (1) contains up to
second order derivatives, the element is conforming.
The shape functions are expressed in terms of the
local coordinates (ξ, η) and it is convenient to work
with these coordinates. Thus, the required derivatives
of the shape functions in the strain matrix B are computed using repeated applications of the chain rule and
equation (23). Also, a function f (x, y) may be integrated over Ej by transforming to the local coordinate
system:
ZZ
ZZ
f (x, y) dx dy =
f (x(ξ, η), y(ξ, η)) det J dξ dη.
Ej

(25)
"
J=

∂x
∂ξ
∂x
∂η

∂y
∂ξ
∂y
∂η

#
(26)

is the Jacobian matrix. These integrals are approximated using Gauss-Legendre quadrature rules.

3.2

Rectangular C 1 Finite Element

Since the image domain is rectangular, it is natural to use rectangular finite elements. Consequently,
we also implemented the sheet model using a fournoded rectangular bicubic Hermitian element with
nodal variables z, along with its first derivatives and
second cross-derivative evaluated at each node i. The
nodal variable vector for this version of the sheet is
·
µ ¶ µ
¶ µ 2 ¶ ¸>
∂z
∂z
∂ z
qi (t) = zi ,
,
,
. (27)
∂x i
∂y i
∂x∂y i
Thus there are sixteen degrees of freedom per element.
Although the nodal variables of this element do not

b

2: (1,-1)
η = −1

ξ=1

x

Figure 3: Hermitian rectangular element. The four
nodes are numbered.
contain the full set of nodal derivatives, the uniform
tessellation of the image domain along with the element nodal first derivatives can be used to compute
the remaining second derivatives.
For the rectangular Hermitian bicubic element, the
local coordinates
ξ=

2
(x − xc ),
a

η=

2
(y − yc ),
b

(28)

are used ((xc , yc ) are the coordinates of the element
center). Using this element, the trial function ẑ can
be written as
ẑ(x, y) =

4
X
i=1

N1i zi + N2i

∂zi
∂zi
∂ 2 zi
+ N3i
+ N4i
,
∂x
∂y
∂x∂y
(29)

where
N1i
N3i

Ej

where

ξ

c

= N0i (ξ)N0i (η),
= N1i (ξ)N0i (η),

N2i = N0i (ξ)N1i (η)
N4i = N1i (ξ)N1i (η)(30)

The nodal shape functions Nij are specified in [8]
(pp. 206). Note that the trial function (29) is an incomplete sixth-order polynomial in terms of ξ and η
and possesses continuity in both the function and its
first derivatives. As the energy functional Ep contains
2nd order partial derivatives, the Hermitian bicubic element ensures continuity of the trial function and its
first derivatives at element interfaces, hence this element is also conforming.

3.3

Numerical Integration

In computer vision and geometric design applications involving the fitting of models to data, we can
simplify the equations of motion (6) while preserving
useful dynamics by setting the mass density µ(x, y)
to zero to obtain Cq̇ + Kq = fq . This first-order dynamic system governs a model which has no inertia
and comes to rest as soon as all the applied forces
vanish or equilibrate.
We integrate equation (3.3) forward through time
using an explicit first-order Euler method. This
method approximates the temporal derivatives with

forward finite differences. It updates the degrees of
freedom q of the model from time t to time t + ∆t
according to the formula
³
´
q(t+∆t) = q(t) + ∆t(C(t) )−1 fq(t) − Kq(t) . (31)
The time step ∆t must be selected carefully, since
small time steps slow down the computation while excessively large time steps result in numerical instability.
In our implementation, we do not explicitly assemble and factorize a global stiffness matrix K as is common practice in applied finite element analysis. In(t+∆t)
iteratively
stead, we update the nodal vectors qi
by computing the product Kj qj on an element-byelement basis using the element stiffness matrices Kj .
This approach makes the model fitting process easily
parallelizable.

4

Applied Forces

Our dynamic surface reconstruction paradigm applies data constraints to the model as external force
distributions f (x, y, t).
For laser range data or digital terrain maps, we use
forces based on distances between data points and a
model’s surface, and the continuous force distribution
becomes a discrete, vector of forces. That is, we define
long-range spring-like “point” forces
f (x, y) = κ kp − z(xp , yp )k

(32)

proportional to the separation between a data point
p in space and the point of influence z(xp , yp ) of the
force on the model’s surface.
For the sheet model, the data point p(x, y) is projected onto the surface parallel to the z axis. Equation
(20) can then be applied to transform this force into
an equivalent set of nodal forces fqj .

5

3D Generalization

The deformable sheet model is represented as
a single-valued scalar function z(x, y) defined on a
bounded domain in the (x, y) plane as described above.
We have also implemented a deformable “balloon”
model, using a more general, multi–valued parametric
representation
>

x(u, v) = [x(u, v), y(u, v), z(u, v)]

(33)

where vector x represents the positions of material
points (u, v) relative to a reference frame Φ in Euclidean 3-space. Note that the single–valued sheet
model representation can be considered as a special
case of the multi–valued representation: x(u, v) =
[u, v, z(u, v)]> .
The deformation energy of the thin plate material
under tension for the multi–valued case is an extension

of (1)
ZZ
Ep (x) =

2

2

α10 |xu | + α01 |xv | +
2

2

2

β20 |xuu | + β11 |xuv | + β02 |xvv | du dv,
(34)
where the u and v subscripts denote parametric derivatives.

6

Surface Analysis

Once a surface has been extracted and reconstructed from the data, a logical next step is to characterize the surface structure for use in analysis, visualization, and recognition tasks. For example, surface
curvature extrema often correspond to significant intrinsic features of an object [7]. Consequently, it is
desirable for a surface model to not only extract accurate and meaningful information from the data, but to
provide the extracted information in a convenient and
useful form.
From differential geometry, 3D smooth surfaces are
uniquely characterized by their first and second fundamental forms. The parametric surface form of the
sheet model (i.e. x(u, v) = [u, v, z(u, v)]> ), along
with the finite element approximation, provides us
with an analytical description of the reconstructed surface that is directly amenable to a differential analysis. Furthermore, since the nodal variables of our finite elements contain not only the nodal position but
the nodal derivatives (i.e. xu , xv , xuu , xuv , xuv where
∂z
∂z
xu = (1, 0, ∂x
) and xv = (0, 1, ∂y
) etc.) as well, all the
information needed to compute the first and second
fundamental forms of the surface is generated automatically. The intrinsic differential characteristics of
the surface, such as the unit normal and the principal
curvatures, can be conveniently computed from this
information.

7

Applications

We have applied our surface fitting technique using
the deformable sheet model on sampled laser range
data and a 3D digital terrain map. Our experiments
run at interactive rates on a Silicon Graphics Indigo
workstation.

7.1

Fitting Surfaces to 3D Range Data

This section demonstrates the reconstruction of surfaces from regularly sampled laser range data. Range
data based surface reconstruction has practical applications in the areas of visualization and CAD based
manufacturing. The range data used in the experiments are from the NRCC 3D image database [10].
In the first set of experiments we fit a 50×50 element
deformable sheet to the following range images
• 5000 range data points randomly sampled from a
128 × 128 pixel range image of a statuette (Fig.
4(a)) (NRCC image database CAT ]155).

• 2599 range data points randomly sampled from a
range image of the upper “hemisphere” of an egg
(Fig. 4(d)) (NRCC image database CAT ]233).

data and digital terrain data. We are currently experimenting with local subdivision techniques and adaptive meshes to increase the efficiency, accuracy, and
flexibility of our model.

• 7696 range data points randomly sampled from a
range image of the upper part of a mug with a
pitted surface (Fig. 4(g)) (NRCC image database
CAT ]251).
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7.2

Digital Terrain Mapping

We used the deformable sheet to reconstruct 3D
terrain models from cartographic data. For this experiment we extracted isoelevation contours from a
256 × 256 digital terrain map. Figure 5(a) shows a
rendering of the digital terrain map. We subsampled
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Conclusions

We have developed two finite element implementations of a dynamic deformable sheet model based
on a thin-plate under tension spline. The behavior of
the dynamic model is governed by equations of motion, which make the model responsive to forces derived from the 3D data and cause the model to conform to the data. The dynamic formulation naturally
supports model visualization during the data fitting
process. We use the most “natural” finite elements
to represent the model as a continuous surface. The
triangular element is a conforming C 1 element whose
nodal degrees of freedom reflect the derivative terms
found in the energy expression the thin-plate under
tension spline and they can be used in the analysis
of the surface properties of the fitted surface. The
rectangular element is also a conforming C 1 element
whose nodal degrees of freedom include useful derivative terms. We have demonstrated the usefulness of
our sheet model for reconstruction of surfaces with irregular shape features by applying them to laser range
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Figure 4: (a)(d)(g) Range data images. (b)(e)(h) Sheet deforming to data. (c)(f)(i) Final reconstructions.
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Figure 5: (a) Original digital terrain map. (b) Rendered contour data. (c) Reconstructed terrain.

